performed by the person doing the computations. Detlefsen provides an explanation with an abundance of mathematical symbols. Whether or not Anderson and Detlefsen provide an accurate account of mental processes occurring two thousand years ago, they at least provide a theoretical basis for an examination of surviving texts that deal with arithmetic problems.
Little has been written analyzing the arithmetic computations that survive in Roman literature. Part of the reason for this may be the absence of a written record of simple, everyday computations. It may be assumed that arithmetic problems were from time to time written on a papyrus or a slate board or a wax-covered tablet, but, except for the problems that have survived in Latin literature, there is no surviving record of an arithmetic problem, such as a schoolboy's exercise or a merchant's calculation, having been written down on any of these materials.4 However, Latin literature discloses problems that could not have been handled by the abacus or by finger reckoning.
Before dealing with the instances of arithmetic in Latin literature, it will be helpful to review very briefly the role of the abacus and finger reckoning in ordinary Roman life, and also to review some general principles of a number system that does not employ place value, as we know it, in its written numbers.
The abacus, which originated in the Middle East as early as 2000 B.C.E., was commonly used by the Egyptians, the Greeks, and the Romans. (See appendix 1 for a list of references to the abacus in Latin literature.) The general form and function of the abacus remained unchanged from the Roman version to the newer version based on the swanpan (Chinese) or soroban (Japanese) reintroduced from the East.5 Anyone familiar with the operation of the abacus (in its Eastern or Western versions) will recognize that the abacus is a device that employs place value.6 A bead or counter in any column has a different value from that of the bead or counter (of identical appearance) in any other column. This is purely and simply place value, just as the so-called Hindu-Arabic system of numbers gives a different value to any digit (e.g., 1), depending on its location relative to other digits or to a decimal point.
The generally accepted accounts of Roman finger reckoning similarly recognize that the finger positions had place value.7 In showing any number on one or both hands, the Romans recognized a "base ten" number system, and started counting groups of tens, hundreds, or thousands by employing different fingers from those used for the integers one through nine. (See appendix 2 for a list of references to finger reckoning in Latin literature. In other respects, the Roman number system was clearly a base ten system. The Latin names for numbers go to ten and then use ten, twenty, thirty, and so on, as the starting point for the repetition of the names for one through nine. The Romans used shorthand notation for powers of ten, such as ((I)) for ten thousand and (((I))) for one hundred thousand, in a way that is weakly analogous to modem scientific notation, which uses superscripts for powers of ten.8 There were different symbols for one, five, ten, fifty, one hundred, five hundred, and one thousand,9 but no separate symbols, as such, for the digits two, three, four, six, seven, eight, nine, or for those digits in combination with the other basic symbols. The concept of zero as a number symbol and as a place holder in a place-value-oriented number system was unknown to the Romans. 10 The use of Roman fractions in arithmetic presents far more complex problems. There is no known representation in Roman literature or inscriptions of a fraction expressed numerically as a numerator and denominator, and, obviously, there could be no representation of a fraction in decimal form. There are, however, a few verbal references to fractions with a numerator greater than one.
As is well known, the Romans had a fraction system not unlike those of other peoples in the ancient world. It was a "unitary" fraction system in which the basic fractions all had the numerator one. Appendix 3 is a table of the symbols employed in writing the fractions in common use. Like the Babylonians and the British of many centuries later, the Romans knew that twelve, rather than ten, is far better as a base for dividing things. In the predecimal days of British currency, twelve pence to the shilling and twenty shillings to the pound facilitated dividing the pound in three equal parts, a convenience that has been sacrificed to the modern fascination with decimal computation.
The Roman fractional system was derived from measures of weight and land." The fundamental fraction was one part in twelve; there was a separate symbol, S, for one-half, presumably selected because it is the initial of semis. The basic unit of weight was the uncia, twelve of which formed one as.12 The basic unit of land area was the scripulum, ten feet by ten feet, which was 1/288 of the area of the iugerum. As shown in appendix 3, unitary duodecimal fractions from /12 down to 1/288 required only seven different There was limited use of place value in the so-called subtractive principle. It was the Roman convention to place symbols for larger numbers always towards the left. However, digits such as four, nine, forty, ninety, and nine hundred were commonly represented by IV, IX, XL, XC, and CM, respectively. It is not so well known that the same system was used to represent eight and eighty by IIX and XXC, respectively. Aside from religious consideration that led early Christians to avoid the use of IX as profaning the initials of IESOU XRISTOU, there appears to be no rhyme or reason to the use or non-use of this subtractive principle. A fascinating example is a single inscription that uses both LXXX and XXC for eighty, namely, CIL symbols. Also, it was easy to combine them so long as the written notations were based on a denominator of twelve, or one of its multiples up to 288.
The names for fractions thus included 1/3, 1/4, 2/3, 3/4, 5/6, 5/12, 7/12, and unitary fractions down to 1/288. There was no common name for 1/7, 1/9, io, or 1/11. At some point in time, the Romans evidently realized that, starting with the basic fractions described above, they could approximate very closely to relationships that we describe in general fractions, that is, fractions with numerators that are any whole numbers as well as denominators that are any whole numbers.13 The Romans (with one or perhaps two exceptions described below) did not deal with general fractions such as five parts in seventeen, or 37 parts in 357. They would approach these problems by starting with the nearest smaller fractional notation of the type shown in appendix 3, and then adding on the twelve-based smaller fractions until a good approximation was reached. As will be shown below, they did extremely well at reaching good approximations.
The question of what the Romans actually did when they solved arithmetic problems is the subject of this paper. There is likely to be endless argument over what the Romans actually did when they used an abacus, or, as was more likely, moved pebbles (calculi) on lines drawn in the dust; there will be more arguments over what the Romans actually did when they employed the finger reckoning system. What is surprising, however, is the relatively limited attention paid to the harder questions of what the Romans did when faced with problems that could not be solved by the use of an abacus (in the forms used in ancient Rome) or by finger reckoning.
A review of the writings of Columella, Pliny the Elder, Frontinus, Victorius of Aquitaine, and, last but not least, Horace, will show that the Romans were not so handicapped in doing arithmetic as has generally been thought in modern times.
REVIEW OF THE LITERARY EVIDENCE
The writings of Columella provide a good starting point for consideration of the question of what the Romans did with numerals and fractions. In the De re rustica, Columella, like a number of other Latin authors, uses the term semis or semissis as a specification of a rate of interest.14 In context, it is clear that the Romans used these terms to express what in modem terminology works out to be a percent, or parts of a hundred. The semis, which would usually translate as "one-half" or "six-twelfths," was also used in the sense of the common rate of interest for one month on one hundred units. According to the clear sense of a passage in Columella, this rate would translate today as one-half of 1 percent per month. Thus, for twelve months, the rate of interest would in decimal notation be 6 percent, or .06. Columella uses this concept in his argument for planting vineyards as an investment (Rust. 3.3.8-9):
13. It is interesting to note that the Egyptians long before the Romans had a system for denoting fractions; see Robins and Shute 1987, 19- 
Even though this is apparently the earliest surviving multiplication table for
Roman whole numerals and fractions, the evidence of the computations of Columella and others points to the conclusion that similar tables existed earlier or were created as the occasion required.19 It is interesting to note that the multiplication table provides the products of whole numbers from one to fifty and all the fractions, but no products of fractions multiplied by each other.20 Pliny the Elder is an author whose arithmetic is of interest primarily because it presents several puzzles to the modern reader. Although Pliny was not adept at mathematics, as will be seen, he was the first author (of a surviving work) to show a conception of fractions more general than the traditional Roman system. This can be seen in his account of the dimensions of the earth in the Naturalis historia (6.38):
Nunc ipsarum partium magnitudo conparabitur, utcumque difficultatem adferet auctorum diversitas; aptissime tamen spectabitur ad longitudinem latitudine addita. We will now compare the dimensions of particular parts of the earth, however great the difficulty that will arise from the discrepancy of the accounts given by the authors; nevertheless the matter will be most suitably presented by giving the breadth in addition to the length. The following, then, is the formula for the area of Europe ... length 8,148 miles. As for Africa-to take the average of all the various accounts given of its dimensions-its length works out to 3,798 miles, and the breadth of the inhabited portions nowhere exceeds 750 miles; but as Agrippa made it 910 miles at the Cyrenaic part of the country, by including the African desert as far as the country of the Garamantes, the extent then known, the entire length that will come into the calculation amounts to 4,708 miles Among the difficulties in interpreting this passage are textual variations in several places. In the second sentence, longitudo is a conjectural reading commonly put before the figure, on the assumption that a copyist omitted the figure for the breadth of Europe and then the word longitudo. Most of the figures have variant readings, but the ones given are the most logical in view of the mathematical relationships. Editorial opinion is also divided on the meaning of the first sentence; it appears to say that length and breadth are added to determine the size of a figure. This, if true, is a sad comment on Pliny's mathematical knowledge, and some editors have assumed a different meaning: "Scholars have taken the words to mean, 'by adding the breadth to the length,' and have charged Pliny with thinking that this would give the area!"22 The most convincing argument for taking the obvious interpretation is that the measurements given for Africa, and the total size at the end, are simply the sum of length and breadth.23
In spite of the flaws in Pliny's method of computing area, his use of fractions marked an important advance in Roman mathematics. The difficulties involved in being bound too tightly to a duodecimal fractional system were apparent in Columella's work. If he could have used 1/16 or 1/17 as an equivalent for six parts in a hundred, he would have saved considerable time. Pliny used fractions of this sort, although he (or his scribes) were unable to express them with figures; for instance, 1/14 is referred to as quartam decimam, and 1/60 as sexagesimam. He did not take the final step of converting 1/3 + 1/8 to 11/24, or 1/4 + 1/14 to 9/28, or 1/5 + 1/60 to 13/60. From the relationships expressed by these fractions, some light is shed on the textual difficulties. Since the total "size" of Africa is given as 4,708 miles, it can be assumed that the "size" of Asia is the sum of its length and breadth, or 6,888.75 miles. The former is 1/5 plus 1/60 of the world total, and the latter, 1/4 plus 1/4. The world total comes out in the first case to be 21,729 miles, and in the second, 21,431. Although this is not ideal accuracy, it is perhaps as good as might be expected from Pliny. These figures are also the best that can be found by using various combinations of the textual variations in the lengths and breadths.
Two other relationships can be checked, and these are also somewhat inaccurate. Europe's "size" is supposed to be paulo minus ("a little less") than 11/2 times that of Asia and 21/6 times that of Africa. Paulo minus is inexact, but by computing 21/6 times the "size" of Africa, the "size" of Europe must be close to 10,200 miles, and therefore the breadth, to Pliny, must have been originally about 1,500 miles (i.e., 10,200 -8,714). This passage concerns the units of measure used in water pipes. A digitus is one-sixteenth of a foot, and an uncia, one-twelfth of a foot (i.e., in modem terms, one inch), but there are two kinds of area measured by a digitus: one, a circle with one digitus the diameter, and the other, a square with a side of one digitus. In Frontinus' expression of the relative sizes of these areas, he used, as far as we know, a truly general type of fraction for the first time in Roman literature. He stated that the area of a square with a side of one digitus was larger than the area of a circle with a diameter of one digitus by 3/14 of its own size, and the circle was smaller in area than the square by 3/11 of its own size. Put in more general terms, this describes the relation of the areas of the largest circle that can be inscribed in any given square. This can be expressed mathematically by: a2 -3a2/14 = n a2/4, where a is the side of the square and diameter of the circle, one digitus, and n a2/4 + 3n a2/44 = a2; solving these equations for n: The first expression shows that a pipe with a diameter of one uncia equals one with a diameter of one and one-third digiti. This is correct, as can be seen:
27. By contrast, Vitruvius, working approximately 150 years earlier, thought that n was 31/8. In his De architectura (10.9.1) he described an ancient predecessor of the odometer (a revolving wheel that measures distances traveled) and gave the dimensions of the wheel; he said that the diameter was four feet, and the circumference twelve and a half: "Rotae, quae erunt in raeda, sint latae per medium diametrum pedum quaternum, ut, cum finitum locum habeat in se rota ab eoque incipiat progrediens in solo viae facere versationem, perveniendo ad eam finitionem, a qua coeperit versari, certum modum spatii habeat peractum pedes XIIS." This gives for n the value 31/8. The capacity of the uncia pipe is then given as more than 11/8 of a quinaria pipe, to be exact, 1 + 1/8 + 3/288 + (2/3 x 1/288). How Frontinus selected these fractions is a mystery, but, whatever technique he employed, the representation is almost exactly correct. In modern arithmetical terms we would express the relationship as follows: capacity of quinaria is one-half of the diameter of the digitus multiplied by 5/4, giving the radius, which is then squared and multiplied by 7i; capacity of uncia is one-half of the diameter of the digitus multiplied by 4/3, giving the radius, which is then squared and multiplied by 7n. The remainder could be further approximated, in Roman notation, as the product of 1/288 times V/72, but it may be that Roman multiplication did not extend this far. The next type of pipe dealt with is the digitus quadratus, the round pipe with a cross-sectional area equal to that of a square with a side of one digitus. It is compared to the quinaria and described as follows (26.5):
Digitus quadratus in rotundum redactus habet diametri digitum unum et digiti sescunciam sextulam; capit quinariae dextantem.
The square digitus reduced to a circle is 1 digitus plus 1 /2 twelfths of a digitus plus 1/72 in diameter; its capacity is 10/12 of a quinaria.
According to Frontinus, its diameter is 1 + 1/8 + 1/72 linear digiti, and its cross-sectional area is ten-twelfths that of a quinaria. This is reasonably accurate; using modern calculations and expressing n as 3.14159, we would say that the diameter of the digitus quadratus is 1.1284. Using n with a value of 22/7, we would express the diameter as 1.1281. Frontinus' approximation works out to 1.1389. By modem calculations, the cross-sectional area of the digitus quadratus is .8149 of the quinaria (or .8145, using 22/7 for n); according to Frontinus, it is .8333 of the quinaria.
Finally, Frontinus compares the cross-sectional area of the digitus rotundus to that of the quinaria (26.6):
Digitus rotundus habet diametri digitum unum; capit quinariae septuncem semunciam sextulam.
The circular digit is 1 digit in diameter; its capacity is 7/12 plus 1/2 twelfth plus 1/72 of a quinaria.
The digitus rotundus, with a diameter of one digitus, has, according to Frontinus, a capacity of 7/12 + 1/24 + 1/72 of a quinaria. By modern calculations, we would say that the relationship is .6400+ (or .64, using 22/7 for n); Frontinus' calculation is .6389, expressed as a decimal.
For Frontinus to have arrived at these figures must have required considerable computing, but there is again no indication of how they were obtained. Frontinus may have had a multiplication table similar to the one we know from Victorius of Aquitaine. This seems a safe assumption since knowledge of multiplication itself implies the ability to create a multiplication table. If Frontinus understood the concept of general fractions, and was able to divide a numerator of any whole number by a denominator of any whole number, he might have performed his calculations either on an abacus, or by using finger reckoning. Even though he expressed the result of the comparison of the two types of digitus in 1.24 by using general fractions, namely, 3/11 and 3/14, he may have felt that going beyond these relatively small numbers would not be meaningful to his intended audience and therefore reverted to expressions in the fractional notation then in common usage.
It is interesting to note that the accuracy of the first comparison is significantly better than that of the latter two. Frontinus could have come closer in the latter two comparisons by extending the sum of the fractions. In the first comparison, his use of the product of 2/3 times 1/288 represents a discrimination that we would express as .0023, or something more than two parts in one thousand. Since he knew 2/3 of V288, presumably he could also have used 1/3 of /288, which permits a discrimination of one part in one thousand. However, Frontinus' representations of the latter two comparisons are off by as much as two parts in one hundred.
Speculating on what Frontinus actually did with these numbers may suggest a general approach to the question of Roman concepts of fractions. In the first case, the comparison of the uncia and the quinaria, the division of one general fraction by another results in the answer 1 + 31/225. The general fraction 31/225 is equal to 124/900, which is slightly less than 14/100. In the second case, the comparison of the digitus quadratus and the quinaria, the comparison of the cross-sectional areas is made by dividing the square of the radius of the digitus quadratus, namely 7/22 (assuming n is 22/7), by the square of the radius of the quinaria, namely 25/64, giving the result 448/550. This general fraction is equal to 896/,10oo, which is slightly more than 81/100. In the third case, the square of the radius of the digitus rotundus is /4; this is divided by the square of the radius of the quinaria, giving the result 16/25, which is exactly equal to 64/00oo. Perhaps this reflects the computing thought process of Frontinus-a computation using general fractions, which are converted to the nearest equivalent in parts of one hundred, and then perhaps a conversion to the Roman fractional notation that would be familiar to his readers.
Friedlein ( Nam cum sit geometria divisa in numeros atque formas, numerorum quidem notitia non oratori modo, sed cuicunque saltem primis litteris erudito necessaria est. In causis vero vel frequentissime versari solet; in quibus actor, non dico, si circa summas trepidat, sed si digitorum saltem incerto aut indecoro gestu a computatione dissentit, iudicatur indoctus.29 Geometry has two divisions; one is concerned with numbers, the other with figures. Now knowledge of the former is a necessity not merely to the orator, but to any one who has had even an elementary education. Such knowledge is frequently required in actual cases, in which a speaker is regarded as deficient in education, I will not say if he hesitates in making a calculation, but even if he contradicts the calculations which he states in words by making an uncertain or inappropriate gesture with his fingers. 
